Over any algebraically closed field of positive characteristic, we construct examples of fibrations violating subadditivity of Kodaira dimension.
Introduction
Throughout this note, a fibration is a projective morphism f : X → Y between two normal varieties such that f * O X ∼ = O Y . For fibrations between varieties defined over the field C of complex numbers, Iitaka [17] proposed the following conjecture: Conjecture 1.1 (Iitaka conjecture [17] ). Let f : X → Y be a fibration between smooth projective varieties over C, with dim X = n and dim Y = m. Let Xη denote the geometric generic fibre of f (which is automatically smooth over k(η)).
Then the following inequality holds:
(C n,m ) κ(X) ≥ κ(Y ) + κ(Xη).
According to Mori [24, §6] , before the work of Ueno [33] and Viehweg [34] appeared, Conjecture 1.1 was widely believed to be false, probably because of the existence of non-algebraic counterexamples (cf. [26, Remark 4] ). On the other hand, by now, Conjecture 1.1 plays an important role in birational geometry. It is worthwhile to mention that, as Conjecture 1.1 predicts subadditivity of Kodaira dimension, it is closely related to the abundance conjecture in the minimal model program. Indeed, if X is an irregular manifold, i.e. q(X) = dim Pic 0 (X) > 0, then its Albanese map induces a natural fibration f : X → Y with Y of maximal Albanese dimension. As varieties with maximal Albanese dimension are much better understood, Conjecture 1.1 turns out to be very useful to study the Abundance conjecture for irregular varieties.
Over the last few decades, many important cases of the conjecture were solved ( [34, 35, 36, 19, 20, 21, 22, 14, 1, 7, 6, 5, 16] ), and, in particular, it is known to hold true if (1) dim Y = 1 or 2 ( [20, 5] ); (2) Xη has a good minimal model ( [21] ); (3) Xη is of general type ( [22] ); (4) Y is of maximal Albanese dimension ( [7, 6, 16] ).
Considering the recent developments of birational geometry over a field of positive characteristic, it is natural to ask if Conjecture 1.1 can be generalised to this setting. It is important to notice though that, given a fibration f : X → Y , even assuming that both X and Y are smooth, the geometric generic fibre Xη is possibly singular and not even reduced if f is inseparable. Note that the generic fibre X η is regular, and hence it is Gorenstein, i.e. K Xη is a Cartier divisor. It is therefore tempting to ask the following: Question 1.2. Let f : X → Y be a fibration between smooth projective varieties over an algebraically closed field k of positive characteristic, with dim X = n and dim Y = m. Does the inequality
hold true?
This question has been answered affirmatively for fibrations with smooth geometric generic fibres with relative dimension one or with dim X = 3 and p > 5 ( [8, 13] ). One of the advantages of assuming that Xη is smooth lies in the fact that, under some additional conditions, f * ω N X/Y is weakly positive ( [27, 11] ). Question 1.2 has also been studied without assuming that Xη is smooth. Patakfalvi proved C n,m when Y is of general type and Xη has non-nilpotent Hasse-Witt matrix ( [28] ). Assuming that K X is nef and some other additional conditions, the third author [37] proved
) contains a non-zero weakly positive subsheaf. This plays a similar role as f * ω N X/Y does when studying the Iitaka conjecture. The third author studied fibrations with singular geometric fibres and proved subadditivity of Kodaira dimension for three-folds over an algebraically closed field of characteristic p > 5, assuming that Y is of maximal Albanese dimension and the abundance conjecture for minimal three-folds X with q(X) > 0 ( [39, 38] ). The arguments in [39] heavily rely on results of the minimal model program ( [15, 2, 4] ), among which, an important ingredient is the fact that the relative minimal model over an abelian variety is actually minimal, as a consequence of the cone theorem ([4, Theorem 1.1]).
The aim of this note is to construct examples of fibrations which provide a negative answer to Question 1.2. Theorem 1.3. Let k be an algebraically closed field of characteristic p and let n 2 = 8, n 3 = 5 and n p = 2p + 2 for p ≥ 5. Assume that any variety over k admits a smooth resolution of singularities.
Then, for any positive integers n and m such that n ≥ n p and 2 ≤ m ≤ n, there exists a fibration f : X → Y between smooth projective varieties over k with dim X = n and dim Y = m such that C n,m does not hold true.
As expected, such fibrations are over some uniruled variety and have singular geometric generic fibre. Our construction stems from a Raynaud's surface f : S → C over a Tango curve C and such that for any l > 0 the sheaf f * ω l S/C is not nef and, instead, its dual is ample. It is easy to see that for any m ≫ 0 and l > 0, the sheaf
Hence κ(X (m) , K X (m) ) = −∞. If we assume that X (m) has a smooth resolution of singularities Y (m) → X (m) , then κ(Y (m) ) = −∞. If m 0 is the maximum integer such that κ(Y (m) ) ≥ 0, then the projection Y (m 0 +1) → Y (m 0 ) is the desired fibration. Finally, assuming the existence of a resolution of singularities, we get examples of dimension 2p + 2 in characteristic p > 3, and we construct examples of dimension five in characteristic p = 3.
Remark 1.4. The singularities of X (m) are explicitly described in the proof of Proposition 3.1. We show the existence of a resolution of singularities of X (m) , for m ≤ 3, by blowing up along the singular locus repeatedly. On the other hand, we were not able to show that, for m ≥ 4, the same method terminates after finitely many steps.
It is still reasonable to expect that subadditivity of Kodaira dimension holds for fibrations in characteristic p > 0 if, either we assume that the base is not uniruled (cf. [12] ), or we replace κ(Xη, K Xη ) by the Kodaira dimension κ(Z) of a smooth birational model Z of Xη (cf. [8] ). Note that κ(Xη, K Xη ) ≥ κ(Z) (cf. [31] ).
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Counterexamples to subadditivity
We work over an algebraically closed field k with char k = p > 0 and we assume the existence of a smooth resolution of singularities. We shall present our examples in this section. For the convenience of the reader, we include all the details.
2.1. Tango-Raynaud curves. We begin by recalling the notion of a Tango-Raynaud curve, introduced in [25] . A smooth projective curve C is a Tango-Raynaud curve if there exists a line bundle L on C such that L p ∼ = ω C and the map
induced by the Frobenius morphism is not injective. As explained in [25, §1] , [32, Lemma 12] implies that C is a Tango-Raynaud curve if and only if there exists a rational function f ∈ K(C) such that df = 0 and each coefficient in the divisor (df ) is divisible by p.
Then U is defined by y pe − y = z pe−1 and C = U ∪ {∞ := [0, 0, 1]}. In particular, we have −dy = −z pe−2 dz on U. Thus, ω C is generated by dz on U. Since the degree of C is pe, we have deg ω C = pe(pe − 3), and (dz) = pe(pe − 3) · (∞). It follows that C is a Tango-Raynaud curve.
Raynaud and
Mukai's construction of algebraic fibre spaces. We only use a special case of Mukai's construction [25] . Fix a Tango-Raynaud curve C as in Example 2.1 and let D = e(pe − 3) · (∞) so that K C = (dz) = pD. Assume e is prime to p. We can regard dz as an element of H 0 (C,
Thus, ξ corresponds to an extension
We define P = P(E) (:= Proj O C +∞ i=0 S i E) and let g : P → C denote the natural projection. Let T be a divisor corresponding to O P (1) and let F ⊂ P be the section of g corresponding to α. Then T | F ∼ 0. Since T − F is relatively trivial over C, applying g * to the exact sequence
we obtain (1) , which implies that T − F ∼ −g * D. Thus,
If we set P 1 := P(F * C E), then we have the following commutative diagram:
where F P/C denotes the relative Frobenius morphism. By the choice of ξ, we see that the pull-back
We may choose e so that there exists a positive integer l which divides both e and p + 1. Let e ′ := e l , r := p+1 l and D ′ := D l = e ′ (pe − 3) · (∞). Then G + F ∼ (p + 1)T + g * D = l (rT + g * D ′ ) = lM, where M := rT + g * D ′ . The equivalence yields a cyclic l-cover π : S → P branched over G + F such that S is smooth. We use the following notation:
By an easy calculation we have
Let q := p − 1 − r. Then, for all positive integer n such that nq ≥ r(l − 1), we have Proof. By (7), we have that
Note that F is nef and big because F 2 > 0. Therefore, if {l, p} = {2, 3} then q > 0 and K S is ample; otherwise q = 0 and then κ(S) = 1.
2.3.
Fibre products of Tango-Raynaud-Mukai surface. We use the same notation as in Section 2.2. Pick a positive integer m. Let X (m) := S × C · · · × C S be the m-th fibre product of S over C. Then X (m) is a Gorenstein integral scheme, as each X (i) → X (i−1) is a flat morphism whose every fibre is a Gorenstein (integral) curve. Denote by f (m) : X (m) → C the natural fibration and by p i : X (m) → S the projection to the i-th factor. We then have
Using the projection formula, for any positive integer n such that nq ≥ r(l − 1), we get
It follows that
Note that for m ≥ 2, the variety X (m) is singular and, if Z ⊂ S is the non-smooth locus of f (i.e., Z = Supp(G)), then (X (m) ) sing = 1≤i<j≤m p −1 i (Z)∩p −1 j (Z), which is of codimension 2. In particular, X (m) is normal. Assuming resolution of singularities, we have Proof. If κ(Y (m) ) ≥ 0, then there is Q-Cartier divisor E ≥ 0 with E ∼ Q K Y (m) . Since X (m) is normal, we have K X ∼ σ * K Y (m) ∼ Q σ * E ≥ 0. But this contradicts Lemma 2.3.
2.4.
Counterexamples to subadditivity of Kodaira dimension. We use the same notation as in the previous sections. Let m 0 (p) be the maximal integer such that κ(Y (m 0 (p)) ) ≥ 0. Lemma 2.2 and Lemma 2.3 imply that 1 ≤ m 0 (p) ≤ pl. We assume varieties over k admit a smooth resolution of singularities.
For any 1 ≤ m ≤ m 0 (p), let Y (m) and Y (m 0 (p)+1−m) be smooth resolutions of X (m) and X (m 0 (p)+1−m) , respectively. Then
, is regular and has nonnegative Kodaira dimension. We have the following commutative diagram
is a resolution of singularities such that it is isomorphic on the generic fibre of p 1 . We see that the fibration h :
does not satisfy subadditivity of the Kodaira dimension.
In conclusion, • For p ≥ 3, we take l = 2 and m 0 (p) ≤ 2p. The fibration h :
with dim Y (m 0 (p)+1) ≤ 2p + 2 violates subadditivity of Kodaira dimension C m 0 (p)+2,m+1 . • For p = 2, we take l = 3 and m 0 (p) ≤ 6. The fibration h :
Singularity
We now study the singularities of some of the varieties we constructed in Section 2.3, in order to get examples of fibrations violating subaddivitiy of Kodaira dimension in lower dimension. We work over an algebraically closed field k with char k = p ≥ 3. Let S be the Raynaud surface constructed in Section 2.2 by setting the covering degree l = 2. Recall that, for any positive integer m, the variety X (m) , obtained as the m-th fibre product of f : S → C, has dimension m + 1(cf. Section 2.3).
Proposition 3.1. The variety X (4) has non-canonical singularities, and the noncanonical locus of X (4) is dominant over C.
Proof. Recall that g : P = P(E) → C has a smooth multiple section G such that g| G : G → C coincides with the Frobenius map. Take an affine open set B = Spec A of C. We may assume that E| B ∼ = O B ·X ⊕O B ·Y , and that G is given by aX p = bY p for some a, b ∈ A. After possibly shrinking B, we may also assume G is contained in the affine piece
In fact since G is smooth, t is a local parameter at every point Q ∈ B. In a natural way we getétale morphisms
The double cover S V → V is locally described as
and there is anétale morphism S V → U = Spec k[t, x, y]/(y 2 + x p − t). In turn, we getétale morphisms
x, y]/(y 2 + x p − t = 0) ∼ = Spec k[t; x 1 , y 1 ; · · · ; x m , y m ]/(y 2 1 + x p 1 − t, · · · , y 2 m + x p m − t). Notice that U (m) is the complete intersection in A 2m+1 of m equations
By eliminating t and applying the substitutions
We see that when m ≥ 2 then X (m) is singular and the singular locus is exactly the union of p −1 ij (G × C G) ⊂ S × C S, where p ij denote the projection from X (m) to the product of the i-th and j-th factors.
We now describe the non-canonical locus of W (4) . After suitable substitutions, we can identify W (4) with the complete intersection in Z 0 = A 7 of the equations
is singular along the locus S i,j : y i = y j = 0 for 1 ≤ i, j ≤ 4, and the singular locus S i,j × Spec k[x 4 ] ⊂ U (4) is dominant over Spec k [t] . We proceed with the following steps:
Step 1: Blow-up Z 0 = A 7 along the ideals I 1 = (y 1 , y 2 , z r 1 ) and I 2 = (y 3 , y 4 , z r 2 ) independently where r = p−1 2 . On the affine chart
The morphism ρ 1 : Z 1 → Z 0 has two exceptional divisors E 1 = {z 1 = 0} and E 2 = {z 2 = 0}. Note that K Z 1 = ρ * 1 K Z 0 + 2rE 1 + 2rE 3 . Applying the adjunction formula, it follows that ρ 1 | W 1 : W 1 → W 0 is crepant.
Step 2: Note that under the projection
, we get a closed embedding
Blow-up Z ′ 1 along the ideal I ′ = (y ′2 1 , y ′2 2 , y ′2 3 , y ′2 4 , z 3 ) and do the normalization (equivalent to do a weighted blow up with weight (1, 1, 1, 1, 2 ). On the y ′ 1 -chart
Thus, by the adjunction formula we have
In summary, we get a birational morphism ρ : W 2 → W 0 = W (4) and an exceptional divisor E with discrepancy 5 − 2p, hence W (4) is not canonical when p = 3 and not log canonical when p ≥ 5. Tracing back these morphisms, it is easy to check that E × Spec k[x 4 ] ⊂ U (4) is dominant over Spec k [t] . Therefore, the result follows.
Remark 3.2. By the arguments in the proof of Proposition 3.1, it follows that the singular locus of X (m) admits a neighbourhood which is isomorphic to the product of an m-dimensional variety and a smooth curve, up to someétale morphism. In positive characteristic, a resolution of singularities is known to exist in dimension three [9, 10] , hence X (2) and X (3) admit a smooth resolution. Moreover, if p = 3, it is easy to show that X (2) and X (3) have canonical singularity by describing an explicit resolution of singularities for the varieties Proof. Using the same notation as above, the generic fibre X (4) η of X (4) → C has trivial dualizing sheaf. By Proposition 3.1 there exists a resolution σ : Y (4) → X (4) such that the generic fibre over C has negative Kodaira dimension, as a consequence κ(Y (4) ) = −∞. Thus, using the same argument as in Section 2.4, the claim follows.
Proof of Theorem 1.3. The Theorem follows immediately from the construction in Section 2.4 and Proposition 3.3.
Counterexamples to a log version of C 2,1 over imperfect fields
We conclude this paper by introducing an example of a fibration that violates a log version of Question 1.2 over an imperfect field. The authors learned about this example from Hiromu Tanaka. • S is a projective regular surface over k;
• there exists a prime divisor C 2 on S such that if ∆ S := 2 p − ε C 2 , where ε ∈ Q is such that 0 < ε ≪ 2 p , then (S, ∆ S ) is Kawamata log terminal and −(K S + ∆ S ) is ample; • ρ is a P 1 -bundle; • C is a projective regular curve over k with K C ∼ 0. These properties can be viewed as pathologies in birational geometry in positive characteristic. Indeed, it is known that the image of a variety of log Fano type in characteristic zero is again of log Fano type.
Set Γ := 2 p C 2 . Then the pair (S, Γ) is log canonical and [30, Lemma 3.4] implies that −(K S + Γ) is Q-linearly equivalent to the pullback of an ample Q-divisor on C. Hence, if S η is the generic fibre of ρ, then −∞ = κ(S, K S + Γ) < κ(S η , K Sη + Γ| Sη ) + κ(C, K C ) = 0.
Remark 4.2. We use the same notation as in Example 4.1.
(1) The pair S η , Γ| S η is not F -pure, where S η is the geometric generic fibre of ρ. Indeed, by the construction in [30, §3] , there exists a closed point Q ∈ S η such that C 2 | S η = pQ as divisors.
(2) Roughly speaking, the curve C is unirational. More precisely, [30, Proposition 3.6] implies that there is an extension k ′ /k of degree p such that the normalisation of C × k k ′ is k ′ -isomorphic to the projective line P 1 k ′ .
